The recoil corrections to the energy levels of leptonium are calculated to the order α 6 and α 6 logα for all states except those having hyperfine mixing. A correction to the hyperfine operator is derived in which the potential appears in the denominator.
From the point of view of perturbative QED, the power of an explicit bound state differential equation depends on its ability to sum Feynman graphs. The present equation sums all the graphs that must be added to other equations for the derivation of (1) [1, 2] . The function f 0 in (1) follows by neglecting both the hyperfine operator γ 5 p hf and the energy dependence in the denominators of ǫ and µ r , in which case the equation becomes an ordinary Dirac equation for a particle of reduced mass µ and with ǫ = E/2 − (m 
Technically, the quadratic Dirac equation is used [4] ( 
where a hf is only the hyperfine part of the parameter a. For l = 0, a hf is 2ǫ/E and −2ǫ/3E in the singlet and triplet states, respectively. The expectation value of the remaining operators vanishes to order α 4 . The first term in f 2 arises from averaging over (δ l ) 2 (see the expression for b in equation (39) of [3] ), while the last one is independent of l, j, and f .
The main point of this paper is the modification of the previous hyperfine operator [3] by a factor f
To see its necessity, consider the operators on the left-hand side of (3) for m 1 = m 2 , namely 
For parapositronium, the relevant position of the unmodified operator p hf,un to the right of − begins with f + , which may be divided off. The resulting differential equation is reduced to the confluent hypergeometric one, in a shifted variable r ′ = r − 2α/E. Its singularity at r ′ = 0 occurs at r = 2α/E, which excludes any bound state interpretation. The additional factor f −1 of (8) is necessary to shift the singularity back to r = 0. For l = 0, it produces the logarithmic energy shift
in agreement with previous calculations. For l > 0, f −1 − may be expanded as follows:
Insertion of the quadratic term into (9) produces the operator σ 1 pV 2 σ 1 p/E 2 , the angular part of which confirms the V 2 l(l + 1)/r 2 potential of Yelkhovsky [5] .
The operator γ 5 p hf in (3) variable ρ = r/E, one sees that E occurs only in the combination
And as E 2 = (p 1 + p 2 ) 2 is a Lorentz invariant, (12) is simpler than the traditional E − V (r) which contains square roots of Lorentz invariants.
It may be allowed to add a speculation on the hyperfine splitting between vector (1 − ) and pseudoscalar (0 − ) mesons in quarkonium potential models. The splitting in E 2 , ∆ =
, agrees with a perturbative treatment in heavy quarkonium, where it is small and relatively constant [6, 7] . But it increases slightly with decreasing quark masses and becomes the dominant effect for the light pseudoscalar and vector meson octets, leading 
